Derivatives

d -1, 1 d

%sinx:cosx disin T = i et =e
d%coswz—sina: d cosTlz = \/1__17 %ax:exlna
%tanx =sec’z —tan lg = (121_‘_1) %lnx = i
%secx:secxtanx dz sec lg = %logax:ﬁ

d d \/127
J-cscx = —cscxcotx - csc “lg = \/962— (fg) = flg+4d'f

d a2 d 1, — fyr — fla=d'f
d”ccotxf csc T drcot —(12+1) (g) = 2

Integrals (remember +C)

L+l

Jamrdr = T Jtanzdr = —In|cosz| Jtanzseczdr = secx
[1de=Inlal Jcotzdr = In|sinz| Jcotzescxdr = —cscx
Jetdr =e” Jesczdz = In|cscx — cot z| J[a@sinzdr = sinz — zcosz
[a®dz = $-a®  [seczdr = In|secx + tanz| Jzcoszdr = cosz + zsinz
JInzdr = zlnz —x (z > 0)
For a? # b?: ' ' Integration by Parts:
[ sinazsinbrdz = 5“‘2{(22:};;1 - 5”‘2{{:%2%1 Judv = uv — [vdu
smm|(a— x sin|(a x
J cosaz cos bz dz = 3a=b) + 2(at) or: [fg=f[g—[(f [g)
. s[(a—b cos[(a+b
J sinax cosbx dz = CO;[((Z_b))z] — Loz[ég+b))z]
Vector Calculus
Gradient, Vf Directional Derivative, Dy, f:
Vf= (dxl , 8952 ey Bacn ) Vf at z in the direction of v:
V f(x) points in the direction of increasing f. Dy f(z) =Vf(z)e HTVH
Curl, curlF =V x F: Divergence, divF = V e F:
for F = (Fy, Fa, F3), for F = (Fl,Fg,Fg)
Identities & Properties:
V(fg) = fVg+gVf div(Vf x Vg) =
V2(fg) = fV29+gV>f+2(VfeVy) curl(Vf) =
( ) = W div(curlF) =
curl(F + G) curlF + curlG div(F + G) = dlvF + divG
curl(fF) = fcurlF + VfeF div(fF) = fdivF + VfeF
div(F X G) = G e curlF — F e curlG div(fVg — gVf) = V39— gV23f
Green’s Theorem: Divergence Theorem:
o Pde+Qdy = [[(52 — 3£)dA ff FendS = [[[,, divFdV

Useful Limits

lim (1+ Z)" =e” limo(l +n)% =e lim (n)% 0 lim (z)% =1z>0
n— oo n— n—oo n—o0
lim =itcose — lim S02 — 1 iy 20E2)
(EHO( ) z N z—0 < fa) a:—»Of( )
AR A’ i e L@ 0 ) T /
L’Hoépital’s Rule: if Ilgrz otz) = 0 °F Too: then lBl o) = g}% 7 if ¢’(x) # 0.

Useful Sums

Yiie=mc g i= n(n;l)’ i i? = n<n+1)6(2n+*1) i P = (Ln;l) )2

i=




Basic Trigonometry & The Unit Circle

sinf = y/r
cscf = 1/sinf

cos =z/r
sech = 1/cosf

tanf = sin 6/ cos 6
cotf = 1/tané

Values of trigonometric functions for common angles:

0 (rads) | 0,2 | «/6 | =w/4 | =/3 | w/2
sin 0 0 1/2 1/vV2 | V3/2 1
cos 0 1 V3/2 | 1/V2 1/2 0
tan @ 0 1/\/5 1 V3 0o

Trigonometric Identities & Relationships

sin? 0 + cos? 0 =1

sin® @ = %‘”29 cos 20 =
0052 0 = 1+c;s 260 —
tan?0 = sec?f —1 tan26 =
H . a _ _ b _ _ ¢
Sine Law: sinA = sinB = sinC

sin 260 = 2sin 0 cos 6

sin(a £ ) = sinacos 8 %+ cosasin 3

2cos260 —1 cos(a & ) = cosacos B F sin asin 8
1—2sin? 6 cot?f = csc?h — 1

2tan 6 _ tanazttanf

1—tan? 6 tan(a + ﬁ) T 1Ftanatanp

Cosine Law: ¢ = a2 4+ b? — 2abcos C'

Complex Numbers

Imaginary Unit:

De Moivre’s Formula:

Euler’s Formula:

i =+v—1

(cos B + isin )™ = cos(nf) + isin(nb)

e = cosO +isinf

Linear Algebra

Basic Determinants:
a b

’c d‘ =ad —be

r s t r(vz — wy)
u v w| =-s(uz— wx)
Ty z +t(uy — vx)

Cramer’s Rule:
for Ax = b, with x = (21, z2,.

Eigenvalues & Eigenvectors:

Eigenvalues )\ of the matrix A are found by solving
the characteristic equation: det(A — XI) = 0 for A.
Eigenvectors v are found by solving

(A — XI)v = 0 for v, for each value of A.

Check: Vector v is an eigenvector of matrix A, with
eigenvalue A, if Av = \v.

.y xn)T and b = (by,ba,...,bm)7T,

det(A; . . . .

T = deet((Al)) , where A; = A with its i*® column replaced with b.
a1 a1i—1 | b1 | a1,itr1 ain
az,1 agi—1 | b2 | azi4+1 az,n

ie. A; = . .
Am,1 Am,i—1 bm Am,i+1 am,n

Geometry in n-Space (for &, B,E € R")

Length (Euclidian norm), ||al|:

Dot Product, a e b:

l[al] = /a3 + a3 + -+ a2
|Ikal| =[]l al]

Angle 6 between a and b:

b
0 —_2ae
COSY =Tal[[lbl

Projection of b onto a, proj,b:

aeb=Dbea=aib; +a2bs+ -+ anbn
as(b+c)=aebtasc |a|=yaea
NOTE: a,b are orthogonal if aeb =0
Cross Product, a x b:

i
axb=|a; a; ag|l Ilaxb|=]allb]sind
b; b by

Projection of b L a, perp,b:

(bea)

projab = Tl a

perp,b = b — proj,b




Logarithms and Exponents

logy (ry) = logy () + ogy(u)  log,(") = ylogy(@) =% = Vam = (V&)
logy () = logy(v) — logy (y) logy(¥/@) = 512 log, b= jo8el = lnb  (chanse

log. a Ina the base)

Power & Taylor Series

Taylor Series approximation of f(x): Some Useful Power Series:
™

f(z) = ZZO:O ! ? <C)( o > FOR ALL z:

% ) ) oy

= [Zhoo T2 (@ — "] + Ri(e,2) sinz = Y02 (A g2
—1)"
cosxz =y, <2n)! x2m
Taylor Remainder, Rg(c,z): e =3, ::TT
(n+1)

Ry(c,z) = f(n+1)(,€)( —o)"tlesésa > For |z] < 1:
NOTE: khﬂn;o Ry (c,z) = 0 if series converges. 11z =0z

Atk = 1+ke+ 22
k(k—ls)!(k 203 4 ...

Radius of Convergence (RoC):

1

n—oo \/|an|

an
An+1

RoC R for a power series Y >7 janz™: R= lim

n—oo

Fourier Series (on the interval [—p, p])
f(@) = % + 02 [an cos(“22) + by sin(222)
oziffpf(:r)dx an:%ffpf(x)cos(%)dx bn:%ffpf(m)sin(”’#)dz

Laplace Transforms (F(s) = Z{f(¢)})

f(t) & F(s) f(t) & F(s) f(t) & F(s)
0 5T e () de 50 1 Tl
(eriodic, 7) f(t) T [y e St f(t) dt e emat L
ut=T)f(t=T) e *TF(s) g(f®)  F(s)G(s) sin(at) iz
f'(t)  sF(s)— f(0t) e f(t) F(s—a) cos(at) ﬁ

Engineering Economics

P=Present Value F=Future Value A=Annuity G=Gradient i=Interest Rate(%) N=# of Interest Periods

Fo_ AN A _ 4N A _ i A _ 1 _ N
p=01+0) PTO+0N—1 F - @+pN—1 G- i (+p¥-1
) 1
NPV = 3N (1+1)t RORC = (14 1)(phegs + DV — 1
Numerical Methods
Absolute Error: e,ps = |2 — T Relative Error: e;e =

Newton’s Method: (root-finding) Euler’s Method (Solving ODEs):

Tptl = Ty — ;,((27;3 given f(z,y) = Z—g, 0, Yo, h = step size:

Yk+1 = Yk + hf(xk, yx), where zp = kh + zo0.

Geometric Shapes & Solids

A =Area, C = Circumference, Ag = Surface Area, V = Volume

Son A= nr2 Ag = 4nr? Ag =2xr(h + 1) Ag = wr(r +/h2 + r2)

C =2nr V=4 V =nrlh v =tar?n






